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1.  Abstract 

An  electric  dipole  tangent  to  the  outer  surface  of  a  dielectric 
layer  which  coats  a  metallic  cylinder  is  considered.  Exact  expressions 
are  obtained  for  the  electromagnetic  field  produced  by  the  dipole,  both 
inside  the  coating  layer  and  in  the  surrounding  free  space.  Asymptotic 
results  are  derived  for  a  cylinder  whose  diameter  is  large  compared  to 
the  wavelength.  Arrays  of  elementary  dipoles  are  discussed. 

2.  Introduction 

Microstrip  antennas  and  arrays  have  received  Increasing  attention 
in  the  scientific  literature  during  the  past  few  years,  largely  as  a 
consequence  of  advances  in  printed  circuit  technology.  The  state  of  the 
art,  in  both  theoretical  and  experimental  studies,  is  summarised  In  the 
book  by  Bahl  and  Bhartla  [1]  and  in  the  special  issue  [2],  which  contains 
two  exhaustive  review  papers  on  these  subjects  [3,4].  The  geometries  of 
microstrip  antennas  are  not  conducive  to  easy  analytical  treatment;  for 
example,  rectangular  and  triangular  microstrip  patch  antennas  may  be 
studied  by  combining  function-theoretic  methods  with  ray-tracing  tech¬ 
niques  [5,6,7].  Therefore  numerical  treatments,  based  e.g.  on  the  moment 
method  [8],  have  been  extensively  adapted,  especially  for  computation  of 
input  Impedance  and  mutual  Impedance  [9,10]. 

Although  most  studies  carried  out  so  far  have  dealt  with  planar 
substrates,  from  a  practical  viewpoint  it  is  very  Important  to  consider 
the  case  of  printed  antennas  and  arrays  on  curved  surfaces,  especially 
on  portions  of  cylinders,  cones  or  spheres.  Together  with  a  companion 
work  on  spherical  structures  [11],  this  paper  presents  a  detailed  study 
of  dipoles  on  a  dielectric -coated  cylindrical  structure.  The  exact 
field  produced  by  an  electric  dipole  tangent  to  the  outer  surface  of 
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♦ 


the  coating  layer  is  given  In  Section  3;  the  results  are  specialized  to 
the  radiated  far  field  and  to  the  surface  field.  An  asymptotic  analy¬ 
sis  for  the  radiated  equatorial  field  due  to  a  longitudinal  dipole  is 
given  In  Section  4.  for  a  thin  substrate  and  a  cylinder  whose  dlaaeter 
is  large  compared  to  the  wavelength.  Prel la lnary  results  for  arrays  of 
such  longitudinal  dipoles  are  presented  In  Section  5.  The  t lme-depen- 
dence  factor  exp(-iwt)  is  omitted  throughout. 

3.  Exact  Solution 

Consider  an  infinitely  long,  perfectly  conducting  cylinder  of 
radius  p  »  a  coated  by  a  uniform  layer  of  constant  thickness  D  ■  b  -  a, 
permittivity  ecQ  and  permeability  uo  »  and  lamer sed  in  free  space 
(see  fig.  1). 

Let  us  Introduce  a  cylindrical  coordinate  system  p.+.z  with  the 
z  axis  on  the  axis  of  the  cylinder.  The  primary  source  is  an  electric 
dipole  located  at  =  ^po*^o’*o^  w^re  PQ  >  b  ,  and  whose  electric 
dipole  moment  is 

4ne 

?  "  -  Jt"°  c  ,  (1) 

where  c  is  a  unit  vector  and  k  ■  w/ c  y  is  the  free-space  wave- 

o  o 

number.  The  source  strength  of  Eq.  (1)  corresponds  to  an  Incident  (or 
primary)  electric  Hertz  vector 

ikR 

£e  ■  ns f  S  »  R  "  I*  "  lol  »  <2> 

where  £  =  (p,4,z)  is  the  position  of  the  observation  point.  It  should 
be  noted  that  with  the  primary  source  normalised  as  In  Eqs.  (1.2).  the 
electric  dyadic  Green's  function  has  dimensions  of  m-*.  whereas  the 
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_2 

field  is  measured  in  a  . 

The  total  (Incident  plus  scattered)  electric  field  is  given  by: 


E(r)  -  4wkG^(r;r  )  *  c  , 
-  4wM*I1(rsr<,)  •  c  , 


«  <  p  <  b 
p  >  b. 


(3) 


The  electric  dyadic  Green's  functions  G^  in  the  coating  layer  and 
^  ^  in  the  surrounding  medium  may  be  obtained  by  the  method  described 
by  Tai  [12],  as  amended  in  [13,14].  It  should  be  noted  that  disagree¬ 
ments  on  the  singular  term  which  appears  in  Eq.  (6)  below  (see  e.g.  [15]) 
are  of  no  relevance  here,  because  the  pp  tern  does  not  contribute  to 
the  field  generated  by  a  dipole  tangent  to  the  cylinder  (i.e.,  c  .  p  «  0). 

After  imposing  the  boundary  conditions  at  the  perfectly  conducting 
surface  p  ■  a  and  across  the  dielectric  interface  p  «■  b  ,  as  well  as 
the  radiation  condition  at  p  •  ,  it  is  found  that: 


•  4t  /_  *■  |0  $  £  ( V  [s£>-x>  * 


,r  )  + 


+ 1  +  b^!5<“.x>]  * 

jfn>(£ilo)  “  +  6..<£ULk>  » 


£eo(i;ro)  *  -k_2PP«(r  -  r  )  +  G^(r;r  ),  (p  <  p  ) 


(<)- 


(4) 


(5) 

(6) 


=“)<£i£o>  '  *’  l-  *  n?0^ 

+  »  <p  >  p„> . 

— en,n  ’--jn,n  — o  i  o 


jr  )  ♦ 


(7) 


I 
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L  dU  ^0  7  Fa  Kln0*’-^ 

«  n»0  n  efo  I  o  o 

+  >£>.£>i&,,n<-..r0>]  .  <»<»„). 


^s(r.;io)  -  17 


nr  /  <*»  eA  E  [v£>.£> 
J-*  ®-°  ^  ‘.oil  ° 


j£)  (u,r)l  M^3)  (-u.r  )  +  [b  wj3)  (u.r) 
wn,n  I  "tn,ri  — o  I  n  «nfn 

e  Jo  L  o 


where 


(u,r)  -  Vx  [  Z*[^(np)co«(n4)«iu*i  I  - 

~tn »*  “  L  n  s±n  J 

siuz  +  £  Z<J)(np)sin(n4)p  -  |-  Z<J)(np>cos<n#);  , 
L  p  •  cos  p  sin  J 

N^)  (u,r)  -  - - - (u,r)  - 


TTT  “8“*n 


ru  +  n 


■  — -  Lir  Z^(np)cos(n4)p  +  Z^(np)sln(n+)$  + 

/2~2  L  3p  °  sin  p  n  cos 

/u  +  n 

+  n2Z^^(np)co8(n4)s  I  , 
n  sin  J 

n  "  ,  kj  ■  tk  ■  H^k  ,  (1 


J  -  1  or  3,  Z*1* (x)  -  Jn(x)  snd  Z*3)(x)  "  ere  the  Bssssl 

function  snd  the  Henkel  function  of  the  first  kind,  6(t  -  r^)  is  the 

three-dinenslonsl  Direc  delts-functlon,  t  -  1  snd  r  .  .  ■  2,  and 

o  o  >  u 


s 


the  Integral  path  along  the  real  u-exls  paasaa  below  the  points 
u  •  k,  u  »  and  above  the  points  u  »  -k,  u  ■  -kj  (sea  fig.  2), 
The  various  coefficients  which  appear  in  Eqs,  (4)  and  (9)  are 
given  by  (the  prime  weans  derivative  with  respect  to  the  argument  of 
the  primed  function): 


J’(U) 

-  e» 


■>„«*> 


r  -  2ir  A 

A  •  K  ~  B„  -  - 77? -  , 

n  *na  irb6  *(nb) 

n  n 


’na 

a  ^  i 


TnB  wkjb  6ftH^  (tlb) 


a-V  . 


Vnb)  ^  i’,»  . 

nX1’<"w  *  ’ 


Jn(nb)  c  Yng 

H^Cnb)  NnV^nb)  n 
n  n 


NnV^nb) 


where 


■  Jo«M  +  '  V£W  +  • 


r  ■  ^na  4.  (  v  ^  »  «|(1)  /n«j\ 

Fna  3b  +  2  Yno  3b  ln  Hn  <nb)  » 

n 


r  _ _ s 

n&  3b 


+  iT  YnB  lb"  £n  Hi1)(T»b)  » 


6 


6 

n 


rn.r»8  *  <  ^  H  *  ^2  >!  W 


(22) 


The  above  formulas  can  be  considerably  simplified  in  particular 
case.  Consider,  for  example,  an  axially-oriented  dipole  (c  -  t) 
located  on  the  substrate  (pQ  -  b);  the  total  electric  field  on  the 
substrate  and  in  the  equatorial  plane  r  •  is: 


IUp-Po-b 

c-2° 


-2 


se 


k2b  n-0 


t  cos  n  (4  -  ♦  ) 
n  o 


/' 


wV-  <23) 


In  the  more  general  case  when  the  dipole  »t  ■  (b,4o,*o)  Is 
tangent  to  the  substrate  but  not  necessarily  axially  oriented,  i.e. 

A  A  A  A  A  AA  A  A 

c  ■  c  •  H  +  c  •  sx  ,  c  •  p  -  0  ,  (24) 

o  o  o 

then  the  electric  field  at  any  point  ir  In  free  space  Is: 


E(r)  *  E  c  •  $  +  E„ c  •  x 

- -±  o  -|| 


(25) 


where 


"  irkb 


J'  du  kV2  . 


-iuz  m  T 
o 


£  -7TT —  £  (“♦„)• 

n-0  HU;(nb)  e,o  sin  ° 


r- 


-1  + 


t\.r.6^1)’(,|1,)  “ WWnd  ,£  . 


II- 


r,anHn1)  (nb) 


n2k?b2«  V  "  1} 

nklb4n  n 


(u,ir)  ± 


—  ekM  n 

n 


-i  t2 

*  r.«  - 


-on,n  — 


(26) 


iii  -  — r  /  dutV2.'1”0  £•  T?y  E 

I  "tb  j-  n-0  «  H'iy(nb)  .In  0 

n  d 


(27) 


no  — gn,n(u,r)  +  -j-£-  (*j  - 


In  the  fer  field  (p  •*••),  the  Integrals  in  Eqs.  (26-27)  nay  be 
asymptotically  evaluated  by  the  method  of  stationary  phase,  the  station¬ 
ary  point  being  at  u  ■  k  coa  0  t  where  6  •  arcoa(a/r)  is  the  usual 
polar  angle  in  spherical  coordinates*  If  us  write  the  radiated  field  as 


I||<r)  -  -  k2^E~S||(?) 

ikr 

B(r)  -  -  kz  -  S  (?) 

_L  «  j. 


(p  ♦  •) 


(28) 


then  the  dimensionless  far -field  coefficients  Sii  and  S  era 

“ti  “J. 


S|l<f)  -  S||  ,$  +  s||t; 


+  V)f 


(29) 


s^(?) 


V +  V 


*c 


-Ik*  cos0 

(Bfli  +  B#f)  , 


(30) 


where 


C  ■  kbsinO  , 

-  k?  J 

1.  •  £  T_(“l)n  - —  cosn(0  -  ♦  ), 

8  i?b  “  3  £l}{0  ° 

n  ii 

8  5  y  -  }(o  ° 


(32) 


(33) 


_  /,  cob  8X  2cot8 

*e  ■ (1  -  -I“>  ~r~ 


.  »a)'<o 

e  -  1  -  n  v 


slnO  na 


i  (-!>”»  r^rf— 

a-1  «H„  (C)  L 

n  n 

01 

— J  Sin  n(*  -  4o)  , 


B*  -  L 


*.<■*>■  r . 
re  r 


C  -  C08 


2e  .  k*nc/nBHn  * 


*nHn  (C> 
o  n 


2  2 

n  cot  8  ,  2: 

- a -  (e  -  l)(e  -  cos  ' 

t-C 


k2y  y  1 

e)  -  IsaZaft 


cosn(+  -  *0)  » 


and  f  ■  ^u«kcos9*  In  Particula*»  observe  that  S||0  and  S||^ 
are  even  and  odd  functions  of  (4  -  +o)(  respectively,  as  it  must  be 
by  reason  of  syanetry.  Also,  -  0  when  e  ■  1.  If  the  cylind¬ 
rical  structure  were  absent,  the  dipole  at  the  origin  (p  »  0) 

G  O 

and  axially  oriented  (c  -  2)  would  yield  s||  p  "  sin  8  ,  S||^«  0  , 
as  expected. 
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4.  Asymptotic  Expansions  for  Thin  Substrate 


He  Halt  our  considerations  to  the  far  field  produced  by  a  dipole 
on  the  substrate  and  parallel  to  the  z  axis.  In  the  equatorial  plane 
0  “  y  ,  so  that  Sy^  ■  0,  We  assuae 

kb  »  1,  |kjD|  «  1  ;  (36) 


the  second  Inequality  aeans  that  the  coating  layer  Is  electrically 
thin.  Then 


Zn(k1a)  s  Zn(kjb)  -  kjDZ^Otjb)  , 


(37) 


Zn(kla)  *  Zn(klb)  +  klD 


2  1 

*  ”  “ — J  Zn(klb)' 

(^b)2  “  ^ 


where  Zn  »  or  ;  substitution  Into  (32)  yields,  for  6  •  w/2: 

r_(-l)ncosn(9  -  A) 


S  «  - 


2ikD 

nkb 


n"°  H^^kb)  -  kDH^1^ '  (kb) 
n  n 


(38) 


Set: 


*  -  9  -  ♦  -  » 
o 

no  -  ~ikD- 


(39) 


and  observe  that  nQ  would  be  the  relative  surface  Impedance  of  a 
thin  substrate  with  magnet 1c  permeability  equal  to  that  ef  free  space. 


Then: 
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s  - 


wkb 


L 


H(1)(kb)  -  in  ' (kb) 
n  on 


2  in 
wkb 


[» 


.  W 

~iT> 

e  cos  v  ♦ 

(1)(kb)  -  inQHjl),(kb)] 


dv 


•in  nv 


(40) 


where  the  contour  C  is  along  the  real  axis  and  just  above  it  in  the 
complex  v-plane#  from  -  •  to  +  00  •  The  integral  in  (40)  is  slmi- 
lar  to  the  one  studied  by  Goriainov  [16]  in  relation  to  plane-wve 
scattering  by  a  cylinder*  Following  [16] ,  we  set 


.  * 
“iv  2 


4  3w 
ivT 


4  * 

iV  2 

-  21e  zsin 


wv 


(41) 


In  the  integrand  of  Eq.  (40),  so  that 


S 


Sl  +  S2 


where 


iV2 

«  COBV*  dv 
Mv(kb) 


4  3w 
iv  -j- 

b  _  co  av* 
M^(kb)slnirv 


» 


dv 


» 


(42) 


(43) 


with 

M  (kb)  -  H(1)(kb)  -  in  '  (kb) .  (44) 

v  v  o  v 

The  Integral  has  a  stationary  point,  as  is  seen  by  using  Debye's 

expansion  for  in  (44);  the  Integral  S2  does  not  hava  a  stationary 

point.  Assuae 

| v  -  kb |  >  |v1/3|  »  <45> 


then.  In  a  region  about  the  origin  in  the  v-plane  (for  details  see, 
e.g.  [17,18]): 


si  -  %  L 


-  <— )' 
'kV 


1  -  %A&> 


•  jexp  i  v(j  +  *  +  arccos  -£g)  -  l^kb)2  -  v2  +  ^  J 
+  exp  i  v(y  -  ♦  +  arccos  -j^)  -  /(kb)2  -  v2  +7^|» 


the  first  integral  in  (46)  has  a  stationary  point  at  \»q  ■  -kbsin ♦  , 
whereas  the  second  Integral  has  no  stationary  point.  A  stationary  phase 
evaluation  of  S  is  therefore  obtained  by  considering  the  stationary 
phase  contribution  due  to  the  first  ten  in  the  integrand  of  Eq.  (46)* 

21kDcos(4  -  ♦_)  -ikbcos(4  -  4) 

S  ~  -  i  -  iM>coa<d'i %0)'  C  ‘  <47> 

On  the  basis  of  Eq.  (36  the  denominator  in  (47)  may  be  replaced  by 


unity,  so  that 


S  -  -  21kDcos(4  -  4o)e 


-lkbcos(4  -  fj 


At  the  point  of  stationary  phase,  condition  (45)  is  satisfied  If 

!♦  -  40l  <  f  •*  &  (kb)’473  , 


which  defines  the  region  of  free  space  into  which  direct  radiation  by 
the  dipole  occurs.  Thus,  Eq.  (48)  is  valid  in  the  M illuminated  region" 
defined  by  (49),  as  shown  in  Fig.  3. 

The  fsr  field  In  the  penumbra  and  shadow  regions,  where  Inequality 
(49)  does  not  hold,  is  obtained  by  letting 
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i 


v  ■  kb  +  at  ,  a*  #>1/3  »  1 


(50) 


into  Eq.  (44),  so  that: 


Hy(kb)  -  lwj(t)  +^wJ(t)l  , 

a/i T 


(51) 


where  w^(t)  Is  Airy's  function  in  Pock's  notation  [18]*  The  poles 


of  (40)  In  the  coaplex  v-plane  are  the  zeros  of  M  (kb),  i.e. : 


"{<*.> 

^TT""  »• 


(52) 


Since  this  last  ratio  is  large  coapared  to  unity. 


.  kD 

tit  _ 

*8  cos  a  ' 


(53) 


where  the  zeros  t  (s  -  1,2,...)  of  w.  (t  )• 

08  1  O* 


0  are  wall  tabulated. 


Since  lav  >  0  at  t  ,  we  aay  rewrite  Eq.  (40)  as: 

8 


(54) 


where 


-  afc  +  ♦)  , 


(55) 


and  the  generalized  Pock  function 


1  f  e1?t 

■  i  Jr 


7iT 


dt 


(56) 


is  well  known,  and  can  be  evaluated  e.g.  by  residues  at  the  poles  (53); 
the  contour  T  starts  at  infinity  in  the  angular  sector  *  >  arg  t  >  »/3t 
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passes  between  v  -  kb  and  the  pole  of  the  integrand  nearest  the  origin 
(i.e.  t  •  tj),  and  ends  at  Infinity  in  the  angular  sector 
ir/3  >  arg  t  >  -  ir/3  (see  fig.  4). 

The  approximation  (54)  Includes  only  the  first  two  creeping  waves, 
which  complete  less  than  one  complete  turn  around  the  cylinder;  the 
geometric  interpretation  of  the  two  terms  in  Eq.  (54)  is  shown  in  fig.  5. 


f 

► 


5.  urays  of  Longitudinal  Dipoles 


An  axially  oriented  dipole  at  angular  position  ♦  on  the  sub¬ 
strate  produces  the  far -field  pattern  of  Eq.  (48)  In  the  illuminated 
portion  of  its  equatorial  plane.  Consider  an  array  of  n  such  dipoles 
with  angular  separation  a  between  dipoles,  i.e.  the  total  array  angle 
is  (n  -  l)o  (see  fig.  6).  The  far-fleld  point  of  observation  is  In 
the  illuminated  region  of  all  dipoles  if 

-  Y  +  (n  -  l)o  +  /JOth)"*73  <  4  <  ■§  -  ^(kb)"473.  (57) 


Under  limitation  (57),  dipoles  fed  with  equal  amplitude  and  progressive 
phase  shift  6  yield  the  pattern: 


Stotal 


,fcn  8  _ _  -ikbcos(f  -  to)  +  118 
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6.  Concluding  Remarks 

The  basic  analysis  for  studying  the  behavior  of  printed  circuit 
antennas  on  cylindrical  structures  has  been  presented  herein.  Numeri¬ 
cal  results  pertaining  to  current  distribution  and  other  antenna  charac¬ 
teristics  for  various  substrate  parameters  will  be  presented. 
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